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Homework 1

Exercise 1. (a) Let Ω := [a, b] × [c, d] be a rectangle. Let F : Ω → R2 be a C1 vector field.
Check the following equality

ˆ
Ω

curlFdx =

ˆ
∂Ω

F × ~νdS.

Here ~ν denotes the usual outward unit vector field defined in each x ∈ ∂Ω. Recall that
the curl of a vector field F is defined as curlF = ∇ × F . In 2 dimensions this reads as
curlF = ∂1F

2 − ∂2F
1.

(b) Prove that the previous identity holds for any set Ω ⊂ R3 which is open, bounded, with C1

boundary. (Hint use the divergence theorem from the lecture)

Exercise 2 (Integration by parts and Green’s formulas). In the next exercise consider Ω an open,
bounded subset of R3 with C1 boundary.

(a) If u, v ∈ C1(Ω,R) prove that
ˆ

Ω

uxivdx =

ˆ
∂Ω

uvνidS −
ˆ

Ω

uvxidx

(b) If u, v ∈ C2(Ω,R) prove the following Green’s formulas:
ˆ

Ω

∆udx =

ˆ
∂Ω

∂u

∂ν
dS

ˆ
Ω

∇u · ∇vdx = −
ˆ

Ω

u∆vdx+

ˆ
∂Ω

∂v

∂ν
udS

ˆ
Ω

u∆v − v∆udx =

ˆ
∂Ω

u
∂v

∂ν
− v∂u

∂ν
dS

where ∂u
∂ν

:= ∇u · ν represents the derivative of u in normal direction, usually called the
normal derivative.
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